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Abstract 

We present the exotic bialgebras that arise from a 9 x 9 unitary braid matrix. 



1 Introduction 

For several years [1-4] our initial collaboration studied the algebraic structures coming 
from 4x4 i?-matrices (solutions of the Yang-Baxter equation) that are not deformations 
of classical ones (i.e., the identity up to signs). In parallel, higher dimensional (A^^ x 
A^^ matrices for all N > 2) exotic braid matrices have been presented and studied in 
[5,6]. More recently, our follow-up collaboration (with Boucif Abdesselam replacing our 
deceased friend and co-author Daniel Arnaudon) constructed A^^ x A^^ unitary braid 
matrices R for N > 2 generalizing the class known for N = 2 [7,8]. Some of these results 
were applied to model-building [9,10]. In the present paper we start the systematic study 
of the bialgebras that arise from these higher dimensional unitary braid matrices. We start 
with the simplest possible case A^ = 3 in order to get the necessary expertise. However, 
even this case is complicated enough. The paper is organized as follows. In Section 2 we 
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•^Email: chakra@cpht.polytechnique.fr 
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give a the overall general setting. Section 3 is devoted to the explicit presentation of the 
exotic bialgebras. 



2 Preliminaries 

Our starting point is the following 9x9 unitary braid matrix from [7]: 
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(2.1) 



(2.2) 



and are parameters. The above braid matrix satisfies the baxterized braid equation: 

Rl2{0)R23{O + e')Ru{0') = R23{0')Rl2{O + e')R23{e). (2.3) 

For the RTT relations of Faddeev-Reshetikhin-Takhtajan [11] we need the corresponding 
R-matrix, R — PR, (P is the permutation matrix): 
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(2.4) 



which satisfies the baxterized Yang-Baxter equation: 

Ri2{e)Ris{e + e')R20) = R23{e')Ri3{e + e')Ri2{e) 

In fact, we need the solutions of the constant YBE which are as follows: 

a+ = 6+ = c+ = 1/2, a+ = ±a_, 6+ = ±6_, c+ = ±c_ 
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(2.5) 



(2.6) 



In view of (2.2) we see that for a+ = a_ the proper hmit is obtained, for example, by 
taking the following limits: first m^^ = — oo, and then ^ = 0, while for a+ = — a_ the 
limit may be obtained for m^^ = — oo first, and then ^ = 0. Similarly are obtained the 
hmits for b± and c±. So we have eight R matrices satisfying the constant YBE : 

(+,+,+), (-,+,+), (+,-,+), (+,+,-), (+,-,-), (-,+,-), (-,-,+), (-,-,-) 

(2.7) 

where the ± signs denote respectively the signs of a+ = ±a_, 6+ = ±6_ and 0+ = ±c_. 
For the elements of the 3 x 3 T matrix we introduce the notation: 

/k p l\ 

T = i q r s (2.8) 
\m t nj 

3 Solutions of the RTT equations and exotic bialge- 
bras 

We consider matrix bialgcbras which are unital associative algebras generated by the nine 
elements from (2.8) /c, Z, m, r, s, The co-product and co-unit relations are the 

classical ones: 

5{T)^T (g) T (3.9a) 
e (T) = I3 (3.9b) 

We expect the bialgebras under consideration not to be Hopf algebras which, as in the 
S'03 case [2], would be easier to check after we find the dual bialgebras. In the next 
subsections we obtain the desired biagebras by applying the RTT relations of [11]: 

RT1T2 = T2T1R , (3.10) 

where Ti = T (g) I2 , T2 = I2 <^ T, for R = R{9) , (2.4), and the parameters are 
the constants in (2.6) following the eight cases of (2.7). 

3.1 Algebraic relations 

I) Relations, which do not depend on the parameters a±, b±,c±. We have the set of 
relations 

(N) — {k^ — r? ^ kn — nk, — rn^, Im — ml 
km — nl, kl — nm, Ik — mn, mk — In 
r{k -n) ^ {k -n)r ^0, r{l - m) ^ {I - m)r ^ 0} (3.11) 

The last two relations suggest to introduce the variables: 

k = k + n, n = k — n; I = I + rh, m = I — rh, 

p = p + i, t = p-i; q = q + s, s = q-s, (3-12) 
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In terms of these variables we have: 



(N) — {kn — nk — 0; Irh — ml — 0; 
km — nl — 0; In — rhk — 0; 
rrh — rn — Q, rhr — nr — Qi} 

II) Relations that do not depend on the relative signs of (a_,6_), (a_,c_) and (6_ 
In that case we have Ila) a+ = ±a_ If a+ = a_ we have the set of relations 

Aj^ — {p^ = t^, pt = tp; = s^, qs = sq} 

Or in terms of the alternative variables we have: 

= {pi = ip = 0; qs = sq = 0} 

If a+ = — a_ the set of relations is 

A_ — {p^ — — t^, pt = —tp; (f = — s^, qs = —sq} 

Or alternatively 



^2 _^ _f^. ~2 _ ~2 ^ Ql 



A_ = {p' = = 0; q 
lib) b+ = ±fe_ If b+ — b- we have the set of relations: 

rq = rs} 

Alternatively 



If b+ = -6_ 
Alternatively 



5+ = {rp = rt 

B+ = {rt = Q 
— {rp — —rt 
B_ = {rp = 



lie) c+ = c± If c+ = c_ we have 



Alternatively 

If c+ = — c_ we have 

Alternatively 



C+ = {pr = tr: 

C+ = {ir = 
C- = {pr = —tr: 
C_ = {pr = 



rs = 0} 
rq = —rs} 
rq = 0} 

qr = sr} 

sr = 0} 
qr = —sr} 
qr = 0} 
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Ill) Relations depending on the relative signs of (a_,6_), (a_,6_0) and (6_,c_) Ilia) 
a_ = ±6_ If a_ = b- we have the set of relations 

{AB)^ — {pk = tn, tk = pn; pi = tm, tl = pm; 

qk = sn, qn = sk; ql = sm, si = qm} (3.26) 

Alternatively 

{AB)+ = {pm = pn — ik — tl — 0] qm = qn — sk — si — 0} (3.27) 
If a- = —b- we have 

(AB) ^ — {pk — —tn, tk — —pn; pi — —tm, tl — —pm; 

qk — —sn, qn — —sk; ql — —sm, si — —qm} (3.28) 

Alternatively 

{AB)_ = {pk = pi = tin = in = 0; qk = ql = sm = sn = 0} (3.29) 

Illb) a_ = ±c_ If a_ = c_ we have 

(AC)-^ = {kp — nt, kt — np; Ip — mt. It — mp; 

kq — ns, nq — ks; Iq — ms. Is — mq} (3.30) 

Alternatively 

{AC)+ — {ki — It — mp — np — 0; ks — Is — mq — nq — 0} (3.31) 
If a_ = — c_ we have 

(AC) - = {kp = —nt, kt = —np; Ip = —mt. It = —mp; 

kq = —ns, nq = —ks; Iq = —ms. Is = —mq} (3.32) 

Alternatively 

{AC)_ — {kp — Ip — mi — ni — 0; kq — Iq — ms — ns — 0} (3.33) 
IIIc) b- = ±c_ If b— = c_ wc have 

{BC)+ — {pq — ts, tq — ps; qp — st, qt — sp} (3.34) 

Alternatively 

(SC)+ = {ps = = 0; sp^qi^O} (3.35) 

If b^ — —C- we have 

{BC)- = {pq = —ts, tq = —ps; qp = —st, qt = —sp} (3.36) 

Alternatively 

(BC)- = {pq = is = 0; qp = si = 0} (3.37) 
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3.2 Classification of bialgebras 

Thus we have the following solutions • for a+ — — — c_ we have the set of 
relations 



(+, +, +)^{NUA+UB+UC+U {AB)+ U {AC)+ U {BC)+} 
Explicitly we have: 



km — mk — 0; 


kn — nk — 0; kt — 


tk = 


0; 


ks — 


sk — 


0; 


Im = ml = 


0; Ih = hi = 0; It - 


= fl = 


= 0; 


ls = 


sl = 


0; 


pm — ifip = 0; 


ph = hp = 0; pt = 


tp = 


0; 


ps = 


sp = 


0; 


qm — ifiq — 0; 


qh — hq — 0; qt = 


iq = 


0; 


qs — 


sq — 


0; 


rm = mr = 


rh = hr — 0; rt - 


- tr — 


0; 


rs — 


sr = 






(3.38) 
(3.39) 



A. 



+++ 



with 



^From (3.39) wc see that the algebra .4.+++ is a direct sum of two subalgebras: 
generators k, I, p,q,r, and A\^^ with generators m,h,s,t. Both subalgebras are free, 
with no relations, and thus, no PBW bases. • for a+ = — a_ = 6_ = c_ we have the set 



of relations 

(-, +, +) ^{NUA^UB+UC+U (AS)_ U (AC)_ U {BC)+} 
Explicitly we have: 

km — mk — 0; kh = hk = 0; kp = pk = 0; kq = qk = 0; 
Im — ml — 0; Ih — hi — 0; Ip = pl = 0; Iq — ql — 0; 
rm — mr — 0; rh — hr — 0; ri — ir — 0; rs — sr — 0; 

im — mi — 0; ih — hi — 0; iq — qi— 0; 
sm — ms = 0; sh — hs = 0; sp = ps = 0; 



(3.40) 
(3.41) 



P 



s' 



p 



0. 



The structure of this algebra, denoted A- 



is more complicated. There are two quasi- 



free subalgebras: A^_^_j^_ with generators A;,/,t, s, and A^_^_^ with generators m,h,p,q. 
They are quasi-free due to the last line of (3.41). They do not form a direct sum sum 
due to the existence of the following 12 two-letter building blocks of the basis A-++ : 
rk ,rl ,rp ,rq ,pi , qs plus the reverse order. • for a+ = a_ = — 6_ = c_ we have 



(+, -, +) ^ {NUA+LIB_UC+U {AB)_ U {AC)+ U {BC).} 
Explicitly we have: 



km = mk = 0; kh = hk = 


0; kt = 


ks = 0; 


pk = 


qk = 


0; 


Im — ml — 0; Ih — hi 


= 0; ii 


= [s = 


pl ~ 


qi^ 


0; 


rm — mr — 0; rh — hr = 


- 0; rp - 


= rq = 0; 


tr = 


sr = 


0; 


ip — pi — 


0; is^ 


--si=0; 


im — 


ih — 


0; 




3; qs = 


sq = 0; 


mq = 


hq = 


0; 




sm = 


sh = 0; 


mp = 


hp = 






(3.42) 
(3.43) 



(3.44) 
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The structure of this algebra, denoted A+-+ , is also complicated. There are four free 
subalgebras: A\__^ with generators k,l,r, A\__^ with generators m,h, A\__^_ with 
generators p, s, with generators q, i. Only the first two are in direct sum, otherwise 

all are related by the following 20 two-letter building blocks: kp ,kq , sk, tk, Ip . Iq . si, tl, 
rs ,rt ,pr , qr, rhs , fht , pfh , qm, ns ,nt ,pn , qh. There is no overall ordering. There is 
some partial order if we consider the subalgebra formed by the generators of the latter 
three subalgebras: rfi, n, p, s, q, i, namely, we have: 

p,q > rhjU > s,t (3.45) 

But for the natural subalgebra formed by generators k,l,r, p,s, q,t, we have cyclic 
ordering: 

p,q > r > s,i > k, l > p,q , (3.46) 

i.e., no ordering. We have seen this phenomenon in the simpler exotic bialgebra 5'03, [2]. 
• for a+ = a_ = 6_ = — c_ we have the set of relations 



(+, +, -) ^ {NUA+LiB+LiC^Li {AB)+ U {AC)^ U {BC)^} 
Explicitly we have: 



km = mk = 0; kn = hk = 0; kp = kq = 


= 0; 


sk = 


tk = 


0; 


Im = ml = 0; In = hi = 0; Ip = Iq 


= 


; si = 


-- il = 


0; 


rm = mr = 0; rh = hr = 0; rt = rs = 


= 0; 


pr = 


qr = 


0; 


ip = pi = 0; is = si = 


0; 


fht = 


ht = 


0; 


qp = pq = 0; qs = sq = 


0; 


qm = 


qh = 


0; 


pfh = ph = 


0; 


rhs = 


hs = 






(3.47) 



(3.48) 



(3.49) 

This algebra, denoted A+^ , is a conjugate of the previous one. It has the same 

four free algebras, and the only difference is that the subalgebras are related by 20 two- 
letter building blocks which are in reverse order w.r.t. the previous case: ks , ki ,pk, qk, 
Is, It, pi, ql, rp,rq,sr,sr, fhp ,fhq ,sm ,tfh, hp,hq,sh,th. • for a+ = a_ = — 6_ = 

— c_ we have the set of relations 

(+, -, -) ^ {NUA+UB^UC-U (AB)_ U (AC)- U (BC)+} (3.50) 

Explicitly we have: 



km — mk — 0; kh = hk = 0; kp = pk = 0; kq = qk = 
Ifh — ml — 0; Ih — hi — 0; Ip — pi — Iq — ql — Q 
rm — far = 0; rh — hr — 0; rp — pr — Q; rq — qr — 
sfh = fhs = 0; sh = hs = 0; sp = ps = 0; sq = qs = 
ifh = fhi =0; ih = hi = 0; ip = pi = 0; iq = qi = 0. 



(3.51) 



(3.52) 
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This algebra, denoted A-\ , is a conjugate of the algebra A+++ , obtained by the 

exchange of the pairs of generators (p, q) and {s,i). • for a+ = — a_ — b- — — c_ we 

have the set of relations 

(-, +, -) = {A^ U A_ U S+ U C_ U {AB)_ U {AC)+ U (SC)_} (3.53) 

Explicitly we have: 

(3.54) 



km — mk — C 


1; kn 


= hk = 


0; kt = 


-- ks = 


= 0; 


pk = 


= qk = 


-- 0; 


Im — ml 


= 0; 


In — nl 


= 0; It 


= Is 


= 


; Pi-- 


^ql^ 


= 0; 


rm — mr — 


0; rn = nr - 


-0; ri- 


- rs - 


-0; 


pr = 


= qr - 


= 0; 




si 


= i s = 


; sm — 


sn - 


= 0; 


trh - 


- tn - 


= 0; 




M = 


-qp^O 


fhp — 


rip = 


0; 


mq = 


- nq = 


= 0; 










f- 


-f 


^s' 




= 



The structure of this algebra, denoted A-+- , is very complicated. There are two 
free subalgebras: with generators k, Ir, A?—y- with generators m, n, and 

four quasi-free subalgebras: A?_j^_ with generators p, s, v4.i+_ with generators g, t, 
with generators p. t. with generators g, s. The first four subalgebras have 

generators as in the ^+-+ case (but taking into account the last line of (3.54)). Only the 
first two subalgebras are in direct sum, and there are intersections between the last four. 
Furthermore, all are related by the following 20 two-letter building blocks: kp,kq, sk, ik, 
Ip ,lq , si, il, rp ,rq ,sr , ir, ms , mi , prh , qm, ns ,hi ,pn , qn, which are the same as in the 

A+ ^. case, except those involving r. The last difference makes things better. Indeed, 

there is no overall ordering, more precisely we have: 



p,q > m,n > s,i > k,l,r > p,q 



(3.55) 



i.e., we have some cyclic order. Thus, the bialgebra A-+- may turn out to be the easiest 
to handle, as the exotic bialgebra 5'03, [2]. • for a+ = — a_ = — 6_ = c_ we have the 



set of relations 

(-, -, +) = {A^ U A_ U S_ U C+ U {AB)+ U (AC)_ U (SC)_} 
Explicitly we have: 



km = mk = 0; kn = nk = 0; kp = kq = 0; 


sk = 


tk = 


0; 


Im — ml — 0; In — nl — 0; Ip — Iq = 


; Sl^ 


--il^ 


0; 


rm — mr — 0; rh = nr = 0; rp — rq — 0; 


tr = 


sr = 


0; 


si — is = 0; ms — ns = 0; 


mi — 


ni — 


0; 


pq — qp — 0; pm = ph = 0; 


qm = 


qn = 


0; 


~2 ~2 

p = q 


= §' = 


--P = 






(3.56) 



(3.57) 



(3.58) 
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This algebra, denoted A + , is a conjugate of the previous algebra obtained by the 

exchange of the pairs of generators (p, q) and (s, i). • for a+ = — a_ = — 6_ = — c_ we 

have the set of relations 

(-, -, -) = {iV U A_ U S_ U C_ U {AB)+ U {AC)+ U {BC)+} (3.59) 

Explicitly we have: 

km — mk — 0; kn — nk — 0; ks — sk — 0; ki —ik — 0; (3.60) 

[ttt. = =0; In — nl — 0; Is — si — 0; It — tl — 0; 
rm = mr = 0; rn — nr — 0; rp — pr — 0; rq — qr — 0; 

pm = mp = 0; pn — np — 0; ps — sp — 0; 
g'm = mg = 0; qn — nq — 0; qi — tq — 0; 

p2 ^ P = g2 ^ 52 ^ Q (3 

This algebra, denoted ^ , is a conjugate of the algebra ^-++ , obtained by the 

exchanges of generators: p i — > s and q i — > i. 

4 Summary and Outlook 

Thus, taking into account conjugation, we have found four different bialgebras: 

A+++ = A+— , A = A-++ , A+-+ = A++- , A-+- = A—+ (4.62) 

Thus, for future use we shall use shorter notation: 

A++ = A+++ , A— = A— , A+- = A+-+ , A-+ = A-+- (4.63) 

The first two bialgebras have no ordering. The first one is simpler, since it is split in two 
subalgebras with five and four generators. The third subalgebra has partial ordering in 
one subalgbera. The last one, is the most promising since it has partial cyclic ordering. 
The next task in this line of research is to find the dual bialgebras, analogously, as done 
for the four-element exotic bialgebras in [1,2], cf. [12]. 



5 The Dual Bialgebra of A_+ 

To start with we begin with the coproducts of the elements of the T-matrix. We have: 

k ® k -\- p ® q-\- 1 ® m k ® p -\- p ® r -\- 1 ®t k ®l -\- p ® s -\- 1 ® n 

q®k + r®q + s®m q® p -\- r ® r + s ® t q®l + r ® s + s ® n 
m®k + t®q + n®m mo xp + t®r + n®t m®l + t®s + n®n^ 

(5.64) 







p 








1 " 


r 


s 






\m 


t 


nj 
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We have also 





(5.65) 



Going to the set of "Z" variables we see that the co- products are more comphcated. 
Namely 



(5.66) 
(5.67) 
(5.68) 
(5.69) 
(5.70) 
(5.71) 
(5.72) 
(5.73) 
(5.74) 

However looking at the last four equations we see that they can be essentially simplified 
we introduce the new variables : 



6{k) = k<S>k + n<S>n + l<S>l — rh<S>rh + p<^q + i<S)S, 
S{h) = k<S>n + n(S>k — l<S>'m + m<S>l+p<S>s + i(S>q, 
5{l) — k<^l + n<S>rh + l(S>k — m<S>n + p<S>q — i(S>s, 
5{rh) — k<S>rh + n(S>l — l<S>n + rh(S>kp<S>s + t(^q, 

Sr — r<S>r + 2q<S)p + 2s(^i 
5(p) — k<S>p + n<S>t + l<S>p — rh<S>t+p<^r, 
5{i) ^k<S>t + n<^p-i(S>i+m(S>p + i(S>r, 
^{q) — q<S>k + q<S>l + s(^n + s<S>rh + r(^q, 
5{s) — qi^n — q<S>rh + s<^k — s<^m + r<^s. 



k — k + l, l — k — l] m — m — n, n — m + n. 



Thus we have: 



S{k) = 

m 

6{m) = 
6{n) -- 

m = 
m = 
m = 

Sit) 
Sr 



2k® k — 2m ® h + p ® q 
= 2i®i-2h®m + t®s 

2k® rh — 2m ®i — p® s 



--2l®n + 2n®k + t®q 
2k® p — 2m ® i + p ® r, 
■- 2q ® k + 2s ® h + r ® q 
■ 2s ® i — 2q ® m + r ® s 
= 21 ® i + 2h ® p + i ® r. 
= r ® r + 2q® p + 2s ®i. 



With the "Z" variables we have 

e{k) 



e(l) 
0, for z 



1/2, e(r) = l, 
{m,h,p, q,s,i). 



(5.75) 



(5.76) 
(5.77) 
(5.78) 
(5.79) 
(5.80) 
(5.81) 
(5.82) 
(5.83) 
(5.84) 



(5.85) 
(5.86) 
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The bialgebra relations arc as follows: 



km 


— mk = kh 


= hk = 


0; kt = ks = pk = 


qk = 


0; 




Im — ml — 


In — nl 


— 0; It — Is — pi - 


-- qi = 


0; 


rm 


— mr = rh 


= hr — 


0; ri — rs — pr = 


qr — 


0; 




si = 


= is = 0; 


sm — sn — im — 


in — 


0; 








mp = hp = rhq = 


hq = 


0; 








~2 ~2 ~2 

p — q — s - 








The dual elements are evaluated by the standard procedure. Namely: 
{Z, /) = e j ' whereZ = {k, 1, m, h, p, q, s, i, r) . 

The basis we are working is essentially the following 

k'^Pr^, and all permutations {Mr) , 

k^Pr^p, and all permutations (Mr) , 

klr)q, and all permutations{kir) , 

sk I r'', and all permutations{klr) , 

ik^f'r'^ and all permutations (Mr) , 



(5.87) 
(5.88) 
(5.89) 
(5.90) 

(5.91) 
(5.92) 



(5.93) 



(5.94) 
(5.95) 
(5.96) 
(5.97) 
(5.98) 
(5.99) 
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Thus the following dial bialgebra is obtained: 



= 0, 



k^M = 2^M, NK^ = MK = KN = 0, 

ML' = L'iV = 2'7V, NL = LM = 0, 

M^ = N^ = 0, MTV = -2k, NM = -2L, 



k,Q 

k,s 
k,f 



= 2P, 

= 0, 
= 0, 
TM 



L,Q 



L,S 

Lf 



= 0, 
= 0, 

:-2S, 

2f, 



R,P 
R,Q 
R,S 
R,f 



-P, 

= s, 
-f. 



MT = -2P, TM = 0, QM = -2,S, MQ = 0, 
NP^2f, PN = 0, SN = 2Q, NS = 0, 
MP = PM ^ MS = SM = 0, 
NQ^QN = NT = fN = 0, 



s,pj^M, [g,r]=7v, [g 



5 



P.T 



0, 



PQ^TS, QP = ST, 
0, pf^fP = QS^SQ^O. 



Finally we write down the co-products of the dual bialgebra: 

S{k)^k^lu + lu^K, 
S{L) = L (8) 1[7 + 1[7 (8) L, 
5{M) = M (8) 1[7 + 1[/ (8) M, 
5(7V) = TV (8 1[7 + 1[7 (8) -/V, 

5(P) = P (8) 1[7 + 1[7 (8 P, 

= ^ (8 1[/ + If/ (8 -5, 

= r(8ic7 + ic7(8r, 

5{R) = P (8 1[7 + 1[7 (8) P. 
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